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...
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Define fine-scale part QT (ΦH) by:

RT (ΦH)(x) = ΦH(xT )+ δQT (ΦH)(
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δ
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2 , 1
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Use standard tools of dune-fem to solve these cell problems!
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T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, P E R I O D I C_GR I D_PA R T, POLORDER >
DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R< DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F O E M B I C G S Q OP< DI S C R E T E_FU N C T I O N, F E M_MA T R I X > I N V E R S E_F E M_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R< FU N C T I O N_SP A C E > DI F F U S I O N;
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// GET THE DIFFUSIV E FLUX: Aε(x,ξ) = flux

V O I D D I F F U S I V E FL U X ( C O N S T DO M A I NTY P E &X, C O N S T J A C O B I A NRA N G ETY P E &X I , J A C O B I A NRA N G ETY P E &F L U X ) C O N S T

{
...

}
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{
...

}

Patrick Henning and Mario Ohlberger The HMM and its implementation



Motivation: multiscale problems
The heterogeneous multiscale method

Implementation
Numerical examples

Implementation in general
Implementation in DUNE

Z

Y
Aε(xT +δy)(∇x ΦH(xT )+∇y QT (ΦH)(y)) ·∇φh(y) dy = 0 ∀φh ∈ Wh(Y).

⇒ with wh := QT (ΦH) and G := −Aε(xT +δ·)∇x ΦH(xT ) we obtain a standard elliptic problem
Z

Y
A(y)∇wh(y) ·∇φh(y) dy =

Z

Y
G(y) ·∇φh(y) ∀φh ∈ Wh(Y).

Usage of dune-fem tools to solve these cell problems:

U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, P E R I O D I C_GR I D_PA R T, POLORDER >
DI S C R E T E_FU N C T I O N_SP A C E;
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// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F DI S C R E T EEL L I P T I C OP E R A T O R< DI S C R E T E_FU N C T I O N, D I F F U S I O N, R E A C T I O N > DI S C R E T E_EL L I P T I C _OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
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T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, P E R I O D I C_GR I D_PA R T, POLORDER >
DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R< DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F O E M B I C G S Q OP< DI S C R E T E_FU N C T I O N, F E M_MA T R I X > I N V E R S E_F E M_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R< FU N C T I O N_SP A C E > DI F F U S I O N;
// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F DI S C R E T EEL L I P T I C OP E R A T O R< DI S C R E T E_FU N C T I O N, D I F F U S I O N, R E A C T I O N > DI S C R E T E_EL L I P T I C _OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N_SP A C E D I S C R E T EFU N C T I O NSP A C E( P E R I O D I CGR I D PA R T ) ;
DI F F U S I O N A;
DI S C R E T E_EL L I P T I C _OP E R A T O R D I S C R E T EEL L I P T I C OP( D I S C R E T EFU N C T I O NSP A C E, A ) ;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N S O L U T I O N( “ S O L U T I O N”, D I S C R E T EFU N C T I O NSP A C E ) ;
DI S C R E T E_FU N C T I O N R H S( “ R I G H T H A N D S I D E ”, D I S C R E T EFU N C T I O NSP A C E ) ;
FEM_MA T R I X S T I F F N E S S_M A T R I X( “F E M S T I F F N E S S M A T R I X”, D I S C R E T EFU N C T I O NSP A C E, D I S C R E T EFU N C T I O NSP A C E ) ;
I N V E R S E_F E M_MA T R I X B I C G ST A B( S T I F F N E S S_M A T R I X, 1 E-8, 1 E-8, 20000, V E R B O S E ) ;
//--------------------------------------------------- --------------------------------------------------- --
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DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R< DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F O E M B I C G S Q OP< DI S C R E T E_FU N C T I O N, F E M_MA T R I X > I N V E R S E_F E M_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R< FU N C T I O N_SP A C E > DI F F U S I O N;
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T Y P E D E F DI S C R E T EEL L I P T I C OP E R A T O R< DI S C R E T E_FU N C T I O N, D I F F U S I O N, R E A C T I O N > DI S C R E T E_EL L I P T I C _OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N_SP A C E D I S C R E T EFU N C T I O NSP A C E( P E R I O D I CGR I D PA R T ) ;
DI F F U S I O N A;
DI S C R E T E_EL L I P T I C _OP E R A T O R D I S C R E T EEL L I P T I C OP( D I S C R E T EFU N C T I O NSP A C E, A ) ;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N S O L U T I O N( “ S O L U T I O N”, D I S C R E T EFU N C T I O NSP A C E ) ;
DI S C R E T E_FU N C T I O N R H S( “ R I G H T H A N D S I D E ”, D I S C R E T EFU N C T I O NSP A C E ) ;
FEM_MA T R I X S T I F F N E S S_M A T R I X( “F E M S T I F F N E S S M A T R I X”, D I S C R E T EFU N C T I O NSP A C E, D I S C R E T EFU N C T I O NSP A C E ) ;
I N V E R S E_F E M_MA T R I X B I C G ST A B( S T I F F N E S S_M A T R I X, 1 E-8, 1 E-8, 20000, V E R B O S E ) ;
//--------------------------------------------------- --------------------------------------------------- --
R H S A S S E M B L E R. A S S E M B L E < Q U A D O R D E R >( G ,R H S) ;
D I S C R E T EEL L I P T I C OP. A S S E M B L E_M A T R I X( S T I F F N E S S_M A T R I X ) ;
B I C G ST A B( R H S, S O L U T I O N ) ;
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//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N S O L U T I O N( “ S O L U T I O N”, D I S C R E T EFU N C T I O NSP A C E ) ;
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//--------------------------------------------------- --------------------------------------------------- --
R H S A S S E M B L E R. A S S E M B L E < Q U A D O R D E R >( G ,R H S) ;
D I S C R E T EEL L I P T I C OP. A S S E M B L E_M A T R I X( S T I F F N E S S_M A T R I X ) ;
B I C G ST A B( R H S, S O L U T I O N ) ;

Write solutions of cell problems (discrete functions) to file for later usage!
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Z

Y
Aε(xT +δy)(∇x Φi (xT )+∇y QT (Φi )(y)) ·∇φh(y) dy = 0.

Algebraic macro-problem: find α ∈ R
N , uH = ∑i αi Φi , with







AH(Φ1,Φ1) ... AH(Φ1,ΦN )
...

...
AH(ΦN ,Φ1) ... AH(ΦN ,ΦN )













α1

...
αN






=









(f ,Φ1)L2(Ω)

...
(f ,ΦN )L2(Ω)









,

where

AH(Φi ,Φj ) = ∑
T∈TH

|T |
Z

Y ε
T

− Aε (∇RT (Φi )) ·∇Φj .
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⇒ Again, usage of standard dune-fem tools to solve this problem!
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T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;
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Z

Y
Aε(xT +δy)(∇x Φi (xT )+∇y QT (Φi )(y)) ·∇φh(y) dy = 0.

Algebraic macro-problem: find α ∈ R
N , uH = ∑i αi Φi , with







AH(Φ1,Φ1) ... AH(Φ1,ΦN )
...

...
AH(ΦN ,Φ1) ... AH(ΦN ,ΦN )













α1

...
αN






=









(f ,Φ1)L2(Ω)

...
(f ,ΦN )L2(Ω)









,

where

AH(Φi ,Φj ) = ∑
T∈TH

|T |
Z

ε
δ Y

− Aε(xT +δy)(∇x Φi(xT )+∇y QT (Φi)(y)) ·∇Φj (xT ) dy .

QT (Φi ) were computed in pre-process ⇒ algebraic macro-problem available.
⇒ Again, usage of standard dune-fem tools to solve this problem! Only slight differences.

U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, GR I D_PA R T, POLORDER >DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;

// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F EL L I P T I C H M M OP E R A T O R < DI S C R E T E_FU N C T I O N, D I F F U S I O N > EL L I P T I C _H M M_OP E R A T O R;
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α1

...
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=









(f ,Φ1)L2(Ω)

...
(f ,ΦN )L2(Ω)









.

U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, GR I D_PA R T, POLORDER >DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;

// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F EL L I P T I C H M M OP E R A T O R < DI S C R E T E_FU N C T I O N, D I F F U S I O N > EL L I P T I C _H M M_OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
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α1

...
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.

U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, GR I D_PA R T, POLORDER >DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;

// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F EL L I P T I C H M M OP E R A T O R < DI S C R E T E_FU N C T I O N, D I F F U S I O N > EL L I P T I C _H M M_OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N_SP A C E DISCRET EFU N CT I O NSP A C E( GRIDPART );
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.

U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, GR I D_PA R T, POLORDER >DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;

// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F EL L I P T I C H M M OP E R A T O R < DI S C R E T E_FU N C T I O N, D I F F U S I O N > EL L I P T I C _H M M_OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N_SP A C E DISCRET EFU N CT I O NSP A C E( GRIDPART );
DI F F U S I O N A;
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U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, GR I D_PA R T, POLORDER >DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;

// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F EL L I P T I C H M M OP E R A T O R < DI S C R E T E_FU N C T I O N, D I F F U S I O N > EL L I P T I C _H M M_OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N_SP A C E DISCRET EFU N CT I O NSP A C E( GRIDPART );
DI F F U S I O N A;
EL L I P T I C _HMM_OP E R A T O R ELLIPTI C H M M OPE R AT O R( DISCRETEFU N C T I O NSP AC E, A );
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U S I N G N A M E S P A C EDU N E;
T Y P E D E F FU N C T I O NSP A C E < D O U B L E , D O U B L E , WORLDDIM , 1 > FU N C T I O N_SP A C E;
T Y P E D E F LA G R A N G EDI S C R E T EFU N C T I O NSP A C E < FU N C T I O N_SP A C E, GR I D_PA R T, POLORDER >DI S C R E T E_FU N C T I O N_SP A C E;
T Y P E D E F AD A P T I V EDI S C R E T EFU N C T I O N < DI S C R E T E_FU N C T I O N_SP A C E > DI S C R E T E_FU N C T I O N;
T Y P E D E F SP A R S ERO WMA T R I X OP E R A T O R < DI S C R E T E_FU N C T I O N, D I S C R E T E_FU N C T I O N, MA T R I XTR A I T S > FEM_MA T R I X;
T Y P E D E F OEMBICGSQOP < DI S C R E T E_FU N C T I O N, FEM_MA T R I X > I N V E R S E_FEM_MA T R I X;
T Y P E D E F DI F F U S I O N OP E R A T O R < FU N C T I O N_SP A C E > DI F F U S I O N;

// NON- STAN D A R D DUNE- FEM CLASS ( DESCRIB ES HOW TO ASSEMBL E THE STIFFNE S S MATRIX FOR OUR PROBLEM)
T Y P E D E F EL L I P T I C H M M OP E R A T O R < DI S C R E T E_FU N C T I O N, D I F F U S I O N > EL L I P T I C _H M M_OP E R A T O R;
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N_SP A C E DISCRET EFU N CT I O NSP A C E( GRIDPART );
DI F F U S I O N A;
EL L I P T I C _HMM_OP E R A T O R ELLIPTI C H M M OPE R AT O R( DISCRETEFU N C T I O NSP AC E, A );
//--------------------------------------------------- --------------------------------------------------- --
DI S C R E T E_FU N C T I O N SOLUTION( “ SOLUTION”, DISCRETEFU N C T I O NSP AC E );
DI S C R E T E_FU N C T I O N RHS( “ RIGHT HAND SIDE ”, DISCRETEFU N C T I O NSP A C E );
FEM_MA T R I X STIFFNE S S_M A TR I X( “FEM STIFFNE S S MATRIX”, DISCRETEFU N C T I O NSP A C E, DISCRETEFU N C T I O NSPA C E );
I N V E R S E_FEM_MA T R I X BI CGSTAB( STIFFNES S_M A T R I X, 1 E-8, 1 E-8, 20000, VERBOSE );
//--------------------------------------------------- --------------------------------------------------- --
RHSASSE M B L E R. A S S E M B L E< QUADORDER >(F , RHS);
ELLIPTI C H M M OPE RA T O R. A S S E M B LE_M A T R I X( STIFFNE S S_M A TR I X );
BI CGSTAB( RHS, SOLUTIO N );
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Numerical Experiment - Nonlinear elliptic problem:

Model Problem 1 (ε = 10−7)

−∇ ·Aε(·,∇uε) = 1 in [0,2]2,

uε = 0 on ∂[0,2]2.

Aε is given by:

Aε(x ,ξ) =

(

(0.1+ cos(2π x1
ε )2) · (ξ1 + 1

3 ξ3
1)

(0.101+(0.1sin(2π x2
ε ))) · (ξ2 + 1

3 ξ3
2)

)
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H h ‖uHMM −uε‖L2(Ω)

2−1 2−2 2.62·10−1

2−2 2−3 8.06·10−2

2−3 2−3 5.62·10−2

2−3 2−4 2.34·10−2

2−4 2−5 5.47·10−3

2−4 2−6 2.55·10−3

2−5 2−6 9.91·10−4

Table: Error table. H = macro grid size, δh = micro grid size.

(H,h) → ( H
2 , h

2 ) EOC(eN )

(2−1,2−2) → (2−2,2−3) 1.7018
(2−2,2−3) → (2−3,2−4) 1.7864
(2−3,2−4) → (2−4,2−5) 2.0941
(2−4,2−5) → (2−5,2−6) 2.4645

Table: EOC table.
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Figure: Comparison of isolines: HMM approximation for (H,h) = (2−5,2−6)
and solution of highly resolved fine scale computation for ε = 0.05.
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Numerical Experiment - Advection diffusion, Adaptive algorithms:

Model Problem 2 (non-periodic setting; ε = 10−2)

∂t uε −∇ ·ε(Aε(x)∇uε)+
3

2
bε(x)∇uε = 0 in [0,

1

2
]×R

2,

uε(0, ·) = v0 in R
2.

b is given by:

bε(x) :=

(

sin(2π x1
ε )sin(2π x2

ε )+3
cos(2π x1

ε )cos(2π x2
ε )− 9

2

)

.

A is given by:

Aε(x) :=





log
(

4+2sin2(2π log(|x1 |+1)
ε )

)

0

0 log
(

4+2cos2(2π log(|x2 |+1)
ε )

)



 .
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Table: ‖eN
u ‖

rel
L2(R2)

denotes the error and ηN,rel
H the estimated error. The

numbers in the first line refer to different uniform computations.

Uniform comp. H h ‖eN
u ‖

rel
L2(R2) ηN,rel

H

0 2−3 2−4 0.27411 0.91614

1 2−
7
2 2−4 0.08612 0.64487

2 2−4 2−4 0.05191 0.32194

3 2−
9
2 2−4 0.02726 0.18859

4 2−5 2−4 0.01245 0.09268
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Table: ‖eN
a ‖

rel
L2(R2)

denotes the error and ηN,rel
H the estimated error. The

numbers in the first line refer to different adaptive strategies, the numbers in
line 4 to different uniform computations (Table 3).

na ‖eN
a ‖

rel
L2(R2) ηN,rel

H nu ϑe ϑt

1 0.04518 0.21635 2 12.96% 19.38%
2 0.02724 0.13866 3 0.07% 42.4%
3 0.0243 0.13932 3 10.86% 38.59%
4 0.02298 0.13679 3 15.7% 32.87%
5 0.0123 0.08064 4 1.2% 25.58%
6 0.01081 0.07942 4 13.17% 18.32%
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Figure: HMM approximation at t = 0.5, determined by adaptive computation.
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Thank you for your attention!
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