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I missed some of the initial fun (introduction obnst Entitiesn 2004) but
added some fun of my owrsenericReferenceElemerits2008).



Evolution Equations WARWICK

Given: domain(, ansatz spac¥, test spacaV,

guadratic forma: V x W — R (linear in second term), datg € V
Problem: find u: (0,00) x Q with u(t,-) € V, u(0,x) = up(x), and

/Q aut, Jp = a(u(t,),p) VeV

Example: Non-linear heat equatiodfu — V - A(u)Vu = 0)
Q=1[0,1%V =HY(Q) and

a(u, ) = —/QA(u)Vu-V<p



Discrete Formulation of Evolution Equations WARWICK

U(O, X) = UO(X)7 fQ 8tU(t, )90 = a(u(t, ')7 90) V(,O eVv J
Construct: tesselatiorg of 2, discrete function spacé; C V,

projectionug o = Ilg[ug] € Vg
Problem (semi-discrete): find ug : (0, c0) — Vg with ug(0) = ug o, and

/ deug (t) Ug(t),pg) Vg € Vg
Eeg

Using a basis3 of Vg we can writeu(t) = 3, 5 Uy (t)1> where
Uy (t) : [0,00) — R are the degrees of freedom (DoF):

Z/W—aUgt ©) VoeB

_uw
B Eeg

ve
Problem (fully discrete): The semi-discrete forumulation leads to a

system of ordinary differential equations for the DdEg),c5. Use of an
ODE solver to obtain fully discrete schemadthod of lines



Discrete Formulation of Evolution Equations WARWICK

Requires

@ construct tessilatiog of 2
@ construct basi$ of Vg

©® implement of quadratic forma(-, -) with implementation of efficient
operationst, o etc.

@ implement ODE solver (e.g. explicit, implicit, semi-imgili)
Need to:

@ evaluate basis function and derivatives

@ efficient evaluation in given set of points (quadrature)

©® interpolation and projection into discrete function space

@ associate basis functions with subentities



Construction of Discrete Function Space WARWICK

Given: grid G with entitiesE and a small set afeference elemen®R
Assumption: for each entityE there is a reference elemdatc R
and a bijective smooth mappirtg:: E — E

Fe




Localized Discrete Function Space WARWICK

Shape functions: for eachR € R there is a shape function s8t
Task 1: construct basis function sgtof Vg with for all

€ BandE € G: g = ¢ o Fg* for somey € By
Task 2: construct a mappere: BE — B so that

pe()e =Y oFgt
Thengivenug = 3,5 Uyt € Vg we have fox € E

Ug(X) = Z Use (@) (o Feh)(x)
@EBE
or using local coordinates < E:
Ug(%) = Z qu(@i&(X)
@EBE
Advantage:
simple construction of spadé; and speedup through caching:af



Generic Reference Elements WA

RWICK

Given set of reference elemer®$ with R ¢ RY, R € RY we define

Rd+1 = {R‘, R°:Re Rd+1} p'

where forR € RY:
| . P . /P p° R
R = {(X,Z).ZE[O,].],XER} X j

Po
R = {x1-2,2:2€[0,1],xeR} 557 | oo
P POO\ :
Ford = 0 we set
RO = {P} with P = {0} € R, PN
Note: R° is the Duffy transform oR. ‘

Note:RlIl = ROl R° =R, ...
Advantage:

Use oftemplate meta prograrno construct numbering of subentities,

mappings, and much more.



Template Meta Programs WARWICK

Static identification

struct Point;

template <class Base> struct Prism;

template <class Base> struct Pyramid;

Dynamic identification (Topologyid)

Identify R by pair of positive number&opologyld R), dimensioriR)):
topologyldR°) = topologyldR),
topologyldR') = 29™-1+topologyld.

IfTopology

Convert dynamic topologyl@R) into static type

template< class Topology > struct Operation {
static void apply ( ... ) {

I
B

IfToplogy <Operation ,dimension >::apply(topologyld ,..).;

Using adynamictopologyld, calls Operation<Topology>::apply(...); vit
the correctstatictopology class.



Template Meta Programs WARWICK

Storage

template <class Traits> struct TopologyFactory{
static Traits::Objectk
create unsigned int topologyld, const Traits ::Key &key) {
Object xobject;
IfTopology< Factory , Traits::dimension >::
apply( topologyld, key, object );
return object;
}
Bt

calls Factory<Topolgy> to generate an instanc®bjectfor a given
dynamictopologyld, the construction of which depends staticly foe t
Topology.

Example quadrature point sets

Wrapper for singleton storage

template <class Factory >
struct TopologySingletonFactory



Template Meta Programs WARWICK

template <class Topology>
struct Factory;

template <>

struct Factory <Point> {

Object xcreate const Key &key) { ... };
It
template <class Base>
struct Factory < Pyramid<Base> > {

Object xcreate const Key &key) { ... };
It
template <class Base>
struct Factory < Prism<Base> > {

Object xcreate const Key &key) { ... };
b



Local Interfaces (static) WARWICK

Basis

unsigned int size () const;
unsigned int order () const;
inline void evaluateFunction (
const typename Traits :: DomainType& in,
std :: vector ¢ypename Traits :: RangeType>& out )const;
inline void evaluateJacobian (
const typename Traits :: DomainType& in,
std :: vector ¢ypename Traits :: JacobianType>& out )const;
inline void evaluate (
const typename Dune::template array <int , Traits :: diffOrder>& dire
const typename Traits :: DomainType& in,
std :: vector ¢ypename Traits :: RangeType>& out )const;

Interpolation

template<class F, class C>
void interpolate (onst F& f, std::vector<C>& out ) const;



Local Interfaces WARWICK

Key

std::size_t size ()const ;
const LocalKey& localKey (std::size_t i)const ;

struct LocalKey {

unsigned int subEntity () const ;
unsigned int codim () const ;
unsigned int index () const ;

b
Note

All interface exist in as virtual interface for use with @fent reference
elements...

First approache: static interface -> construct virtuadiifgice using wrapper
(e.g. with TopologyFactory)

Second approach: use virtual interface directly



Construction of General Shape Function Set WARWICK

@ Generic implementation of monomial basis of orger

GivenMg, for all R € RY, defineMP , Mk,

Note: Mg is set needed for Lagrange interpolationRaf orderp
® UseMR, to define a set of (vectorial) polynomial functioBis= {b}
© Construct matriA and define final sets = A B

Example:

Lagrange space is defined through Lagrange interpolafiém = u(xP)
wherexP are the Lagrange points of order

UseB = MR and defineB = (\P(Iy)); then withA = B~T, we have

X (by) = g for By = {by}

template meta prograraver reference elements to construct lagrange poin



Generic Monomials WARWICK

Ansatz:we assume each base function is a polynomia variables.

Example on simplex topologys® = P, 1 = (g)°

We construct{ of all monomials ind variables of exactly ordec
dim. monomials

0 =1
Ui=1

1 Ul =x
Ul =x2
vZ=1

2 Ui={xy}

g = {x% xy,y*}




Generic Monomials WARWICK

Ansatz:we assume each base function is a polynomia variables.
Example on simplex topologys® = P, 1 = (g)°
We construct{ of all monomials ind variables of exactly ordec

dim. monomials recursion relation
0 =1 =1
Ui=1 =1
1 Ul =x V=0 x¥d=x
Ul =x? V=0 x¥9=0 x(xv) =x?
Ui=1

vZ=1
2 U2 = {x vy} Ul =x :y
w3 = {4, xy, 2} i

Ui=x2 yUl=xy yy¥d =y




Generic Monomials WARWICK

Ansatz:we assume each base function is a polynomia variables.
Example on simplex topologys® = P, 1 = (g)°
We construct{ of all monomials ind variables of exactly ordec

dim. monomials recursion relation
0 =1 =1
Ui=1 =1
1 Ul =x V=0 x¥d=x
Ul =x? V=0 x¥9=0 x(xv) =x?
Ui=1

vZ=1
2 U2 = {x vy} Ul =x :y
w3 = {4, xy, 2} i

Ui=x2 yUl=xy yy¥d =y

‘I/d+l { } \Ijg
d+1 q/d“ {.} ¢ zwd
\I/d+1 {..} vd z20¢ z(z¥))

Slight modlflcatlon required for general reference elenk&nt
Note:recursion also works for arbitrary derivatives



Generic Monomials WARWICK

Example on cube topologyQ® = P, Q41 = (QY)!
We construct?{ of all bi-monomials ind variables of exactly ordec

dim. bi-monomials recursion relation

0 vi=1 =1

n vi=1 =1
\Ifi:x 79 =) X\Iﬁ—w XU = x
UI={xxyy} Wi=x yWi=yx W=y
\IJCH_:L { } \de

g1 wil {.} o zqfd A

W) w2 A2l Az a@)
Recursion correct for any reference elemiht
Usetemplate meta prograrover the definition of the generic reference
elements.



Example Implementation WARWICK

template <class Topology> class Monomials;

template <class BaseTopology >
class Monomials < Pyramid < BaseTopology > > {
static const int d = BaseTopology :: dimension;
static void evaluate (Domain x, Range m) {
Monomials< BaseTology >::evaluate (x,m);
/1 fill right column, multiplying by z = x[ d ]
}
It
template <class BaseTopology >
class Monomials < Prism < BaseTopology > > {
static const int d = BaseTopology :: dimension;
static void evaluate (Domain x, Range m) {
Monomials< BaseTology >::evaluate (x,m);
/1 fill right column, multiplying by z = x[ d ]
}
b
template <>
class Monomials < Point > {
static void evaluate (Domain x, Range m) {
m[0] = 1.;
}
It
Simular for quadratures, lagrange point sets...



Construction of General Basis Function Set WARWICK

Setting 1:
Given functionalsA = ()\j); and polynomial function séf = (by);:
@ define matrixB = ()\i(Bj))ij
® constructA = B~T (using AlgLib with multiprecision arithmetic)
© basisB = B~ satisfiesA (B) = |
Example: Raviart-Thomas space (arbitrary dimension and order)
vector valued functions on simplex reference element R

B = [0 4 x¥g

)\i(u):/aRu'nQOiy >\N+i(U)=/RU1/1i

whereps, . .., o is basis ofPx(OR) and)y, . . . , ¢ is basis ofPx_1(R)
Setting 2:

given a bilinear forma (e.g.a(u,v) = [, uv) construct orthonormal basis
starting fromB. Requires QR factorization ¢&(b;, bj))j.



Usage of high precision field type WARWICK

1. Construction phase

EvaluateprebasisB for B = (\i(by));j, computeB~T (QR factorization).
2. Evaluation phase

Evaluation ofprebasis’3 to compute basis functiort$ = B~ 5.
Note:For any basis the main step during evaluation is always timesa
matrix-vector multiplication (even for derivatives usidgrivatives of53).
Setting up the matrix is only done once.

Usage of different field types:

We usehigh precision floating poingrithmetics (alglib based on mpfr, gmp).
ComputeFieldused to setup matrix and during inversion/QR.
StorageFieldused for storing the matrig—".

Evaluation is possible in any field (high for caching, douioleon-the-fly...)
Converison between different field types is transparentiferuser using the
field_castmechanism:

field_cast( in, out ); out = field_cast< OutField > ( in );



Further examples WARWICK

e spectral Lagrange elements

e Raviart-Thomas using Lagrange points
(still need implementation on general Prism type topolsgie

¢ Nedelec edge elements
(need to be implemented)



To Do (general) WARWICK

dune module dependency

dune-localfunction

ReferenceElement Shape functions
Geomett for geometries
dune-common

Feidvector..

dune-localfunction

dune-common

Shape functions
FieldVector ... for geometries
Geometry

dune-geometry dune-grid

global interface

@ Take reference mapping into account
® Piola transofrom, orientation of normals...
® Global orientation of subentities (twists)



To Do (generic basis construction) WARWICK

replace monomials with more stable basis
code generation

Many possibilities: write Maple code and Maple generatesriped code.
Example:

TeX output for RT on 2D Simplex order 3 (vector valued base fioms)
¢1(a,b) = (—0.2424871130596428210938424878108221318145+ 0.415692193816530550446587121961409368H862 +
0.353338364744050967879599053667197962B386 — 0.581969071343142770625221970745973115E928b —
0.945699740932607002265985702462206312B8348” + 0.1163938142686285541250443941491946236382b% +
0.58196907134314277062522197074597311529253, 0.1732050807568877293527446341505872366945
0.346410161513775458705489268301174473B881- 0.28752043405643363072555609268997481282R6+
0.540399851961489715580563258549832178&826B + 0.107040739907756616739996183905062912F364 —
0.160041494619364261921936041955142606F388 — 0.138217654443996408023490218052168614838% +
0.1163938142686285541250443941491946238384° + 0.5819690713431427706252219707459731152920)

©2(a,b) = (0.491934955049953733210018207120880771F3&3- 0.2146625258399798108552806721982025185286 —
0.4561578674099570980674714284211803526288B -+ 0.187829710109982334498370588173427203F271 +
0.187829710109982334498370588173427203F36% -+ 0.657403985384938170744297058606995213E285 —
0.1502637680879858675986964705387417630347b — 0.15026376808798586759869647053874176383470% —
0.2504396134799764459978274508979029388a4H", ...)



